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Abstract 

In this paper, we introduce the notions of horn-Lie 2-algebras, which is the categorification 
of horn-Lie algebras, _ffLcx)-algebras, which is the hom-analogue of Loo-algebras, and crossed 
modules of horn-Lie algebras. We prove that the category of horn-Lie 2-algebras and the 
category of 2-term //Loo-algebras are equivalent. We give a detailed study on skeletal horn- 
Lie 2-algebras. In particular, we construct the horn- analogues of the string Lie 2-algebras 
associated to any semisimple involutive horn-Lie algebras. We also proved that there is a 
one-to-one correspondence between strict horn-Lie 2-algebras and crossed modules of hom- 
Lie algebras. We give the construction of strict hom-Lie 2-algebras from hom-left-symmetric 
algebras and symplectic hom-Lie algebras. 
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1 Introduction 

The notion of hom-Lie algebras was introduced by Hartwig, Larsson, and Silvestrov in as part 
of a study of deformations of the Witt and the Virasoro algebras. In a hom-Lie algebra, the 
Jacobi identity is twisted by a linear map, called the hom-Jacobi identity. Some q-deformations of 
the Witt and the Virasoro algebras have the structure of a hom-Lie algebra [S]. Because of close 
relation to discrete and deformed vector fields and differential calculus [3 El [Zl j hom-Lie algebras 
are widely studied recently [lll[ni[IIllIllISl[Ill[n|. 

Recently, people have payed more attention to higher categorical structures with motivations 
from string theory 3J . One way to provide higher categorical structures is by categorifying existing 
mathematical concepts. One of the simplest higher structure is a 2- vector space, which is a cate- 
gorified vector space. If we further put Lie algebra structures on 2-vector spaces, then we obtain 
the notion of Lie 2-algebras [5]. The Jacobi identity is replaced by a natural transformation, called 
Jacobiator, which also satisfies some coherence laws of its own. One of the motivating examples is 
the differentiation of Witten's string Lie 2-group String{n), which is called a string Lie 2-algebra. 
As SO{n) is the connected part of 0{n) and Spin{n) is the simply connected cover of SO{n), 
String(n) is a "cover" of Spin{n) which has trivial tts (notice that 7r2(G) = for any Lie group 
G). The differentiation of String {n) is not any more so(n), but a central extension of so(n) by the 
abelian Lie 2-algebra M — > 0, which is a Lie 2-algebra by itself. The concept of string Lie 2-algebra 
is later generalized to any such extension of a semisimple Lie algebra. Loo-algebras, sometimes 
called strongly homotopy (sh) Lie algebras, were introduced [TU] as a model for "Lie algebras 
that satisfy Jacobi identity up to all higher homotopies". It is well known that Lie 2-algebras are 
equivalent to 2-term Loo-algebras. 

In this paper, we provide the categorification of hom-Lie algebras, which we call hom-Lie 2- 
algebras. We also give the hom-analogue of Loo-algebras, which we call iJLoo-algebras. The main 
difficulty to give these definitions is how to let the hom-structures involved in. In the case of 
Lie 2-algebras (or 2-term Loo-algebras), the Jacobiator (or I3) should satisfy some kind of closed 
condition. Motivated by the cohomology theory introduced in [TT] , we solve this difficulty success- 
fully. We prove that the category of hom-Lie 2-algebras and the category of 2-term TJLoo-algebras 
are equivalent. Skeletal hom-Lie 2-algebras are studied in detail. We give their classification by 
the third cohomology of hom-Lie algebras, and provide examples from quadratic hom-Lie algebras 
introduced in 0] by Benayadi and Makhlouf. In particular, we introduce the hom-analogues of the 
string Lie 2-algebras. The notion of crossed modules of hom-Lie algebras is also introduced and 
we prove that there is a one-to-one correspondence between strict hom-Lie 2-algebras and crossed 
modules of hom-Lie algebras. We construct strict hom-Lie 2-algebras from hom-left-symmetric al- 
gebras. Furthermore, we introduce the notion of a symplectic hom-Lie algebra, which is a hom-Lie 
algebra together with a symplectic form, and give the construction of strict hom-Lie 2-algebras 
from symplectic hom-Lie algebras. 

The paper is organized as follows. In Section 2, we recall some necessary background knowledge, 
including the cohomology theory of hom-Lie algebras and 2-vector spaces. In Section 3, first 
we give the definition of hom-Lie 2-algebras, which is the categorification of hom-Lie algebras. 
Then we introduce the hom-analogue of Loo-algebras, which we call LTLoo-algebras. We give 
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the definition of 2-term iJioo-algebras by explicit formulas. At last, we prove that the category 
of horn-Lie 2-algebras and the category of 2-term ffLoo-algebras are equivalent. In Section 4, we 
study skeletal horn-Lie 2-algebras. Especially, we construct examples of skeletal hom-Lie 2-algebras 
from involutive quadratic hom-Lie algebras, and obtain hom-analogues of string Lie 2-algebras. In 
Section 5, first we introduce the notion of crossed modules of hom-Lie algebras, and prove that 
they are equivalent to strict hom-Lie 2-algebras. We construct strict hom-Lie 2-algebras from hom- 
left-symmetric algebras. At last, we introduce the notion of symplectic hom-Lie algebras. There 
is a natural hom-left-symmetric algebra associated to a symplectic hom-Lie algebra, such that it 
is the sub-adjacent hom-Lie algebra of the induced hom-left-symmetric algebra. Then we give the 
construction of strict hom-Lie 2-algebras from symplectic hom-Lie algebras. 

2 Preliminaries 

In this section, we recall some basic notions and facts about hom-Lie algebras [5] and 2-vector 
spaces 0. 

• Hom-Lie algebras and their representations 

Definition 2.1. [5J A hom-Lie alge is a triple (g, [^-Jgji^g) consisting of a linear space g, a 
skew- symmetric bilinear map (bracket) [■, ■]g : A^g — > g and an algebra morphism (j)g '■ 9 — > 
satisfying 

[V,w]g]g -f [<?!>g(w), [w , u] ^] g + [(?!)g(w), [w,w]g]g = 0. (l) 

The hom-Lie algebra (g, [•, •]g,0g) is said to be regular (involutive), if(j)g is nondegenerate (satisfies 

= w;; 

Definition 2.2. A morphism of hom-Lie algebras f : (g, [•, -Jg, , (Ag) — > (^i 'Id ^{) *s a linear 
map f : g — > t such that 

f[u,v]g = [f{u)J{v)]t, Vu,weg, (2) 
f °<Pb = (f>i° f- (3) 

Let (g, [•, -jg, (^g) be a hom-Lie algebra and V an arbitrary vector space. Let A e Qi{V) be 
an arbitrary linear transformation from V to V. The representation of hom-Lie algebras was 
introduced in [TT] . 

Definition 2.3. A representation of the hom-Lie algebra (g, [•,']g,0g) on the vector space V with 
respect to A ^ fl'(^) ^■^ linear map pA ■ g — > g[(^); such that for any u,v € q, the following 
equalities are satisfied: 

(i) Pa(0b(u)) = ^opa(u); 

(ii) pa{[u,v]^) o A^ pa{(I)s{u)) o pa{v) - pA{(f>s{v)) ° Pa{u). 

The set of fc-cochains on g with values in V, which we denote by C'^(g; V), is the set of skew- 
symmetric fc-linear maps from g x • • • x g (fc-times) to V: 

C''{q; V)^{f : A'^g — > V is a fc-linear map}. 

^The hom-Lie algebras defined here are also called multiplicative hom-Lie algebras in some references 
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A fc-hom-cochain on g with values in V is defined to be a fc-cochain / G C''{g; V) such that it 
is compatible with (f>g and A in the sense that A o f = f o (j)^^ i.e. 

A{f{ui,--- ,Uk)) ^ f{(f>g{ui),- ■ ■ ,<j)g{Uk)). 
Denote by C^^ ^(g; V) the set of fc-hom-cochains: 

Cl,Ai9; V)^{feC''{Q;V)\Aof^fo 0,}. 

In [TT], the author defined the coboundary operator dp^ : — > ^'^^^(g;^) by 
setting 

fc+i 

dp^/(wi, • ■ ■ ,Ufe+i) = ^(-l)'+V(0g"^('"»))(/("ir ■ • • ■ ■ ,Ufe+i)) 

1=1 

+ X!'^^l)'^''-^(["""j]fl''^0("i) ■ ■ ■ '^^j' •• • >'/'flK+i))- (4) 

The equality d^^ = was proved in J_1J. Thus, wc can obtain the cohomology of horn-Lie algebras. 

Remark 2.4. The formula given by ^ is slightly different from the formula given in Jllf . where 
the author use p{4>g{ui)). Both of them are correct. All the results in fllf hold after a small 
modification for the coboundary operator dp^ given by ^ . 

Every horn-Lie algebra has the trivial representation on R with respect to Id : M — > R, the 
corresponding coboundary operator, which we denote by d^, is given by 

drfiui,--- ,Uk+i) = ^(-l)''+-'/([u,,Uj]g,0j,(ui) • • • ,Ut,--- ,Uj,--- ,0g(wfc+i))- 

Denote by Z^^ (g) and i?^^ (g) the corresponding closed /c-hom-cochains and exact /c-hom-cochains 
respectively. Denote the resulting cohomology by H*'{q). 

• 2-vector spaces 

Vector spaces can be categorified to 2-vector spaces. A good introduction for this subject is [2]. 
Let Vect be the category of vector spaces. 

Definition 2.5. 2 A 2-vector space is a category in the category Vect. 

Thus, a 2-vector space C is a category with a vector space of objects Cq and a vector space 
of morphisms Ci, such that all the structure maps are linear. Let i : Cq — > Ci be the identity 
assigning map and s,t : Ci — > Cq be the source and target maps respectively. Let v be the 
composition of morphisms. 

It is well known that the 2-category of 2-vector spaces is equivalent to the 2-category of 2-term 
complexes of vector spaces. Roughly speaking, given a 2-vector space C, 

Ker(s) ^ Cq (5) 

is a 2-term complex. Conversely, any 2-term complex of vector spaces Vi — ^ Vq gives rise to a 
2-vector space of which the set of objects is Vq, the set of morphisms is Vq®Vi, the source map s 
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is given by s{v, m) — v, and the target map t is given by t(v, m) ~ v + dm, where v S Vq, m £ Vi. 
We denote the 2-vector space associated to the 2-term complex of vector spaces Vi Vq by V: 

Vi := Vo e Vi 

V= sjjt (6) 

Vo Vo. 

Given a 2-vector space V, we define Endj (V) by 

Endll(V) ^ {{Ao, Ai) e gl{Vo) sl{Vi)\Ao o d = d o AJ, 

and define End^V) = Hom(Fo, Vi). Then we have, 

Lemma 2.6. |12j Endj(V) is the space of linear functors from V to V. 

There is a differential S : End^(V) — > EndJ^(V) given by 

S{a) = {doa,aod), VaeEnd^(V), 

and a bracket operation [•, ■]c given by the graded commutator. More precisely, for any A — 
{Ao,Ai),B = {Bo,Bi) e End^(V) and a e End^V), [■,-]c is given by 

[A, B]c = Ao B - B o A = {Aqo Bq - Bqo Aq,Aio Bi - Bio Ai), 

and 

[A, a]c = A o a — a o A = Ai o a — a o Aq. (7) 

These two operations make End^(V) A- End^(V) into a 2-term DGLA (proved in [13]), which we 
denote by End(V). ft plays the same role as qI{V) for a vector space V in the classical case. 

3 Horn-Lie 2-algebras and i^^Loo-algebras 

In this section, first we category the notion of hom-Lie algebras, and obtain the hom-Lie 2-algebras. 
Then we give the hom-analogue of Loo-algebras, what we call iJLoo-algebras. We give the structure 
of a 2-term _ffLoo-algebra by explicit formulas. At last, we prove that the category of hom-Lie 
2-algebras and the category of 2-term iJXoo-algebras are equivalent. 

3.1 Hom-Lie 2-algebras 

Definition 3.1. A hom-Lie 2-algehra is a 2-vector space L equipped with 

• a skew- symmetric bilinear functor, the bracket, [•,•]: L x i — > L, 

• a linear functor $ — ($0i "^"1) ■ L — > L satisfying: 

ve,??ei. (8) 

• a skew- symmetric trilinear natural isomorphism, the hom-Jacobiator, 

J^^y^, : [[x,y],<i>o{z)] ['!>o{x),[y, z]] + [[x, z],'i>o{y)], 
satisfying J*o(2;),$o(?/),*o(z) = ^iJx.y.z, 
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such that the following hom-Jacobiator identity is satisfied, 

+ 1) 

= [Jw,x,y, ^oiz)] -v {J[w,y],9o{x),9o{z) ^ "^*o("'),[x,j/],*o(^)) 

■v([^oH, Jx,y,z] + [Jw,y,z, ^lix)] + 1) v (1 + J^oiw),ly,z],^oix)), 

or, in terms of a diagram. 



■'[to,x],*o(f).*o(«) 



lllw,x],^oiy)],H{z)] 

[l^o(w),lx,y]],^l(z)] + lllw,y],^oix)],^liz)] 

J<l>0 (») , [x ,„] ,<l.o + -^[™ ,!/] ,*0 ,«0 (^) 



[*o[«>, a;], [*o(y), *o(^)]] + [[[«', x], <f o(^)], -fgfe)] 
i+[J™,x,z,*^(i/)] 



M 



l + -'<l?0('").[»:.^l.*0(!')+-^['",^].*0(»:).*0(») 



(l + [*oW.''«,!/,^l + [-'»,!,,»,*oWl)-v(l+J*o(«").[f.^l.*oW) 

w/iere M, P and Q are given by 

M = iMw, x], [$o(y), M^)]] + [x, z]], + [[[w, z],Mx)], ^liv)]; 

P = [^l{w),[[x,y],^o{z)]] + [[Mw),Mz)],Mx,y]] 

+ [$o K y] , [$o (.t) , $0 (z)]] + [[[u;, y] , $0 , <I>^ (x)] ; 
g = [M^, x], [$0(2;), $o(z)]] + i^liw), [[x, z], $0(2/)]] + [[$oH, *o(y)], *o([a;, z])] 
+ [$o ([w, z] ) , [<i>o (x) , $0 (y)]] + [[[w, z] , $0 (y)] , $2 (a;)] . 

Usually we denote a horn-Lie 2-algebra by (L, [•,•], J, $). A horn-Lie 2-algebra is called sinci if 
the hom-Jacobiator is the identity isomorphism. 

Definition 3.2. Given horn-Lie 2-algebras {L, [■, •], $) and {L', [■, •]', a horn-Lie 2-algebra mor- 
phism F : L — > L' consists of: 

• a linear functor {Fo,Fi) from the underlying 2-vector space of L to that of L' such that 

^'o{Fo,Fi) = (Fo,Fi)o$, 

• a skew- symmetric bilinear natural transformation 

F2{x,y) : [Fo{x),Fo{y)]' Fo{[x,y]) 
satisfying F2{^o{x),^o{y)) = ^'1-^2(2;, y), such that the following diagram commutes: 

[F2(x,y),l]' 



[[Fo{x),Fo(y)Y,'S>'{Fo{z))Y ■ 

[^'{Fo{x)),[Fo{y),Fo{z)]'Y + [[Fo{x),Fo{z)]',<f'{Fo{y)}]' 

[l,F2(y,z)]'+lF2(x,z),l]' 



[Foi^ix)), Fob, z]]' + [Folx, zlFomM 



f(x),[y,z])-\-F2ilx,z],t(y)) 



^ [Fo[x,y],Fo'S>{z)Y 

F2(lx,y],'S>(z)) 

Fo[[x,y],<i>{z)] 
FaMx),{y,z]] + Fo[[x,z],^{y)]. 
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The identity morphism Id/, : L — > L has the identity functor as its underlying functor, together 
with an identity natural transformation as (Idi)2- Let L, L' and L" be horn-Lie 2-algebras, the 
composition of a pair of horn-Lie 2-algebra morphisms F : L — )■ L' and G : V — > L" , which we 
denote by G o f , is given by letting the functor ((G o F)q, (G o F)i) be the usual composition of 
(Go, Gi) and {Fq, Fx), and letting (G o F)2 be the following composite: 

[GooFo(a;),GooFo(y)]" 



G2{Fo(x),Fo(y)) 




GooFo[x,y]. 



Go[Fo{x),Fo{y)]' 

It is straightforward to see that 

Proposition 3.3. There is a category HLie2 with horn-Lie 2-algebras as objects and horn-Lie 
2-algebra morphisms as morphisms. 



3.2 1/Loo-algebras 

Definition 3.4. A HLao-algebra is a graded vector space V, = ®^o^ equipped with 

• a system, {Zfcll < k < oo} of linear maps Ik ■■ h^V, — > V, with degilk) = k - 2, wh ere the 
exterior powers are interpreted in the graded sense, i.e. the following relation with Koszul 
sign "Ksgn" is satisfied: 

k{xa{i),- ■ ■ ,Xa{k)) = sgn((7)Ksgn((7)/fc(a;i, • • • ,Xk), Vct G Ski 

• a system < k < oo} of linear maps (pk '■ Vk ^ Vk, such that for any xi £ Vs^, . . . ,Xk & 

Va^, we have 

s,)+k-2i^k{xi, Xk)) = lk{(psi (xi), . . . , (Xk)), 
such that the following generalized form of the Jacobi identity holds for all < n < oo, 

X] ^{-^y''^~^^Sgn{a)Ksgn{a)lj{li{x„(l), ■ ■ ■ ,Xa{i)),4>mXA^cr{i+l)),- ■ ■ , (l>m^{Xa{n)) = 0, 
i+j—n+1 a 

where x^(^i^i-^ € Vrm^i, ■ • • )a;cr(„) G Vm,^, and the summation is taken over all {i,n — i)-unshuffles 
with i > 1. 



For n = 1, we have 



ll = 0, h: Vi+i 



which means that V, is a complex of vector spaces, so we write d = Zi as usual. For n = 2, we have 

dl2{Xp,Xg) = l2{dXp,Xg) -\- {-l)''l2{Xp,dXg), y Xp GVp,Xg € Vg , 

which means that d is a derivation with respect to I2. 

Constraint on the 2-term case, it is not hard to obtain: 
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Proposition-Definition 3.5. A 2-term H Lao-algebra V consists of the following data: 

• a complex of vector spaces 

• bilinear maps l2,:VixVj — > Vi+j, 

• two linear transformations (j)o G bK^o) o,nd (f>i G 0l(Vi) satisfying 0o ° d = d o 

• a skew- symmetric trilinear map ^3 : Vq x Vq x Vq — > Vi satisfying o 4>o ~ (f'l ° hi 
such that for any w,x,y,z GVq and m,n € V\, the following equalities are satisfied: 

(a) h{x,y) = -l2{y,x), 

(b) hiXjTu) = -l2{m,x), 

(c) h{m,n) = 0, 

(d) dl2{x, m) = hix, dm), 

(e) l2{dm,n) = l2{m,dn), 

(f) (t>o{l2{x,y)) = hiMxJiMy))^ 

(g) Ml2{x,'m}) =l2{(t)o{x),(t)i{m)), 

(h) dkix, y, z) = kicj^oix), hiy, z)) + /2(0o(2/), hiz, x)) + l2{(j)o{z), hix, y)), 

(i) dl3{x,y,dm) = l2{(l>o{x),l2{y,m)) + l2i<Po{y),l2im,x)) + I2(</>i(to), ^2(2;, y)), 
(j) 

h{h{w, x), (f)o{y),(l)Q{z)) + hikiw, x, z),(l>l{y)) 
+l3{(poiw),l2{x, z), (poiy)) + kihiw, z), (l)o{x), (j>o{y)) 
= hihiw, X, y),(pl{z)) + kiHw, y),(j)Q{x), 0o(2)) + h{(l)o{w),l2{x, y), (j)o{z)) 
+l2{(t)liw), hix, y, z)) + hihiw, y, z), (t>l{x)) + l3{(t)o{w), h{y, z), <j)o{x)). 

We will denote a 2-term iJLoo-algebra by (Vi VQ,l2,h,(f)o,(i>i)- 

Definition 3.6. Let V and V be 2-term HL^-algebras. A HL^-morphism f : V — > V consists 
of: 

• a chain map f : V — )■ V , which consists of linear maps fo : Vq — > Vq and fi : Vi — > V{ 
satisfying 

/ood = d'o/i, 

and 

/o o 00 = '/'o ° /o, fi° 4>i ^ (t>'i° fi- (9) 

• a skew- symmetric bilinear map /2 : Vq x — y VI satisfying /2((/>o(a;), 0o(y)) = (t^if2{x,y), 
such that for all x,y,z gVo and m,n £Vi, we have 

• d/2(a;,y) = fo{h{x,y)) - l'2ifo{x), fo{y)), 
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• f2{x,dm) = fi{l2{x,m)) ~ l'^{fn{x)Ji{m)), 



l'2{h{x, y),fo{4>o{z))) + f2{l2{x, y), 0o(z)) + h{h{x, y, z)) 

= Ufoix), foiy), k{z)) + UkiM^)), f2{y, z)) + Uh{x, z), hiUy))) 

+h{Mx)M{y. z)) + hMx, z),My))- (lo) 

The identity i/ioo-morphism Idy : V — > V has the identity chain map as it underlying 
map, together with (Idv)2 = 0, i.e. Idy = (Idvo, Idvi , 0). Let V, V and V" be i/Loo-algebras, 
and / : V — !> V" and /' : V" — > V" be i/Loo-morphisms, we define their composition f o f — 
((/' ° /)o, (/' ° /)i, (/' o /)2) by setting (/' o /)o = o /q, (/' o f), = f[ o A, and 

(/' ° f )2ix, y) = moix),My)) + f[{f2{x, y)). 

This is exactly the same as the composition of Loo-morphisms between 2-term Loo-algebras. To 
see that it is indeed a _ffioo-morphism, we still need to show that the conditions related with 00 
and 01 in Definition 13.61 hold. We leave it as an exercise. 
Thus, we have 

Proposition 3.7. There is a category 2HLoo with 2-term H Loo -algebras is objects and HLao- 
morphisms as morphisms. 

3.3 The equivalence of horn-Lie 2-algebras and 2-term i/Loo-algebras 
Theorem 3.8. The categories 2HLoo and HLie2 are equivalent. 

Proof. We only give a sketch of the proof. First we construct a functor T : 2HLoo — > HLie2. 

Given a 2-term i/Loo-algebra V — {Vi Vq, ^2, ^3, 0o, 0i), we have a 2-vector space L given by 
(pl). Define the skew-symmetric bilinear functor [•, •] : L x L — > L by 

[(x,m), (y,n)] = {l2{x,y),l2{x,n) -\- him^y) -\- hidm^n)), V (x^m), {y,n) e Li =Vo®Vi. 

Define the linear functor $ by 

$ = ($0,$l) = (00,00 ©0l)- 

By the fact that 0o and 0i commutes with the differential d, we deduce that $ is a functor, i.e. 
i> e End(L). By Condition (f) and (g) in Definition 13.51 we have 

^[{x,m),{y,n)] = (00/2(2;, y), 01(^2(2;, "•)+ ^2(to, 2/) + '2(dm, n))) 

= (^2(00(2;), 0o(y)),/2(0o(a;),0i(n)) -f /2(0i(to), 0o(y)) + /2(0o(dTO), 0i(n))) 

= (^2(00(2;), 0o(y)), ^2(00(2;), 0l(?^)) + ^2(01 (to), 0o(y)) + /2(d0l(TO), 01 (n))) 

= [(0o(2;),0i(TO)),(0o(y),0i(n))] 
— [$(a;, m), $(y, n)]. 

Define the Jacobiator by 

Jx,v,z = ([[2;,y],0o(z)],/3(2;,y,2;)). 
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It is straightforward to deduce that 

Ji>oix),<s>o(v),'i^oiz) = {[[(l^o{x), (l)o{y)],(l)l{z)],l3{(po{x),(j)o{y),<l)o{z))) 
= {<Po[[xiy],<l>o{z)],(l)il3{x,y,z)) 

By the various conditions of {Vi Vq, I2, h, 4>o, 4>i) being a 2-term HLoo-Blgehva, we deduce that 
(L, [■,■], J, <i>) is a horn-Lie 2-algebra. Thus, we have constructed a horn-Lie 2-algebra L = T{V) 
from a 2-term iJLoo-algebra V. 

For any iJLoo-morphism / = (/o, /i, /2) form V to V", next we construct a hom-Lie 2-algebra 
morphism F = T{f) from L = r(V) to L' = r(V'). 

Let Fq^ fa, i^i = /o © /i, and be given by 

F2{x,y) = [[Ux),h{v)]j2{x,v)). 

Then F2{x,y) is a bihnear skew-symmetric natural isomorphism from [Fo(x), Fo^y)] to i^o[x, y], 
and F = {Fq, Fi, F2) is a morphism from L to L' . 

One can also deduce that T preserves the identity morphisms and the composition of morphisms. 
Thus, T constructed above is a functor from 2HLoo to HLie2. 

Conversely, given a hom-Lie 2-algebra L, we construct the 2-term iJioo-algebra V — S{L) as 
follows. As a complex of vector spaces, V is obtained by (0), i.e. Vq = Lq, Vi = Ker(s), and 
d = i|Kcr(s)- Define h by 

h{x,y) ^ [x,y], hix^m) ^ -l2im,x) = [iix),m], l2{m,n) = 0, 

Define 0o = ^0 : Vq{— Lq) — > Vq, and define 0i = $i|yi=Kor(s) : Vi — > Vi- Since <!> is a functor, 
we have (f>o o d = d o (j>i. Since $ satisfies (|S1), it follows that (po and (j>i satisfy Conditions (f) and 
(g) in Definition 13.51 

Furthermore, define ^3 by 

h^x, y, z) = J^^y^^ - i{s{Jx,y,z))- 

Since J$o(x),$o(?/),*o(^) = ^iJx,y,z, we deduce that (^1^3(2;, y, 2;) = hiipoix), (f>o{y), Mz)). The 
various conditions of L being a hom-Lie 2-algebra imply that V is 2-term TJLoo-algebra. 

Let F = (Fo, Fi, i^2) ■ L — > L' he a. hom-Lie 2-algebra morphism, and S{L) = V, S{L') = V. 
Define S{F) = f = (/o, /i, /2) as follows. Let /o = Fq, fi = Fi|y^^Kcr(s) and define /2 by 

f2{x,y) = F2{x,y) - i{s{F2{x,y))). 

It is not hard to deduce that / is a iJLoo-algebra morphism. Furthermore, S also preserves the 
identity morphisms and the composition of morphisms. Thus, is a functor from HLie2 to 2HLoo. 

We are left to show that there are natural isomorphisms a : To S =J> lHLie2 and (3 : S oT 
l2HLoo- For a hom-Lie 2-algebra {L, [•, •], J, applying the functor S to L, we obtain a 2-term 

i/Loo-algebra V — iVi — Ker(s) J^-^'^' _ Lo,l2,l3,4'o,4'i)- Applying the functor T to V, we 
obtain a hom-Lie 2-algebra {L' , [•, ■]', J'), with the space Vq of objects and the space Vq ® Ker(s) 
of morphisms. Define : L' — > L by setting 

{aL)o{x) = X, {aL)i{x,m) i{x) + m. 
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It is obvious that aL is an isomorphism of 2- vector spaces. Furthermore, since [•, •] is a bihnear 
functor, we have [i{x),i{y)] ~ i{[x,y]), and 

[to, n] — [m -v i(dTO), i{0) v n] — [m, z(0)] v [z(dTO), n] = [z(dTO), n]. 

Therefore, we have 

aL[ix,m),{y,n)]' = aLil2{x,y)j2{x,n) + l2im,y) + hidm^n)) 
= aL{[x,y], [i{x),n] + [m,i{y)] + [i{dm),n]) 
= "i-iix, y]) + n] + [to, i{y)] + [i{dm),n] 
= [iix), i{y)] + [i{x), n] + [m, i{y)] + [to, n] 
= [iix) + m,i{y) + n] 
= [aL{x,m),aL{y,n)], 

which imphes that is also a hom-Lie 2-algebra morphism with {aL)2 the identity isomorphism. 
Thus, ttL is an isomorphism of hom-Lie 2-algebras. It is also easy to see that it is a natural 
isomorphism. 

For a 2-term iJLoo-algebra V — (Vi Vb, Z2, ^3, ^o, applying the functor S to V, we 
obtain a hom-Lie 2-algebra (L, [•, •], $). Applying the functor T to L, we obtain exactly the same 
2-term i/ioo-algebra V. Thus, /3v = Idy = (Idvo,Idvi) is the natural isomorphism from T o S" to 
I2HL00 ■ This finishes the proof. ■ 

4 Skeletal hom-Lie 2-algebras 

Since we have proved that the category of hom-Lie 2-algebras and the category of 2-term HLoo- 
algebras are equivalent, in the following, when we say a hom-Lie 2-algebra, what we mean is a 
2-term 00 -algebra. In this section, first we give the classification of hom-Lie 2-algebras, and 
then we construct examples of skeletal hom-Lie 2-algebras, which are hom-analogues of string Lie 
2-algebras, from quadratic hom-Lie algebras introduced in [4J. 

4.1 The classification of skeletal hom-Lie 2-algebras 

A 2-tcrm iJLoo-algebra is called skeletal if d = 0. Let V be a skeletal 2-term iJLoo-algebra. By 
Condition (h) in Definition 13. 5L we see that (Vb, ^2(', '/'o) is exactly a hom-Lie algebra. Define 
: Vo — > gl{Vi) by 

p^-,{x){m) l2{x,m), VxGVb, togVi. (11) 

Proposition 4.1. Let V be a skeletal 2-term HLoc-algebra, then the map p^-^ defined by (jlip is a 
representation of the hom-Lie algebra {Vo,l2{-, ■), (j^a) on Vi with respect to 

Proof. We only need to check that the two conditions in Definition 12.31 are satisfied. For any 
x & Vq T m ^ Vi, hy Condition (g) in Definition 13.51 we have 

'2(00(2;), 01 (to)) = (f)i{l2{x,m)), 

which means that 

{(f>Q{x)) O 01 = 01 O p^^ (x). 
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Thus Condition (i) in Definition 12.31 is satisfied. Furthermore, since V is skeletal, by Condition (i) 
we have 

h{(t>o{x),h{y,m)) + l2{(t)o{y)j2{'m,x)) + l2{<Pi{m),l2{x,y)) = 0, 

which yields that 

p<pAhix,y)) o 01 = p^A(l^oix)) o p^^{y) - p^^{(j)o{y)) o p^^{x). 

Therefore, Condition (ii) in Definition 12.31 is satisfied. Thus p^^ is a representation of the horn-Lie 
algebra (Vb, hi', ■), M on Vi with respect to 0i. ■ 

Theorem 4.2. There is a one-to-one correspondence between skeletal 2-term H Loo-algebras and 
druples {{g,[-, ■]g, (f)g),W, A, pA,d), where (s, [•, -Ig, '/'g) is a horn-Lie algebras, W is a vector space, 
A S g[(lF), Pa ■ — > flK^) ^-^ representation of q on W with respect to A, and 9 is a 3-hom- 
cocycle of the horn-Lie algebra q with coefficients in the representation pA- 

Proof. For any skeletal 2-term _ffioo-algebra V, (Vb, hi', ■), 0o) is a hom-Lie algebra. By Proposi- 
tion l4.1l : Vq — > qI{Vi) defined by pT|) is a representation of the hom-Lie algebra (Vb, ?2(-, ■),4'o) 
on Vi with respect to (pi . Now we prove that is a 3-hom-cocycle with respect to the representation 
/90 J and thus any skeletal 2-term iJ Loo-algebra gives rise to a druple ( (Vb , ^2 (•,•): '/'o ): i 0i i P^i i ^3 ) • 
In fact, by Condition (j) in Definition 13.51 we have 

hihiw, x), (j)o{y),(t)o{z)) + hihiw, x, z),(j>l{y)) 
+l3{<l>oiw),l2{x, z),<j>o{y)) + hihiw, z), (/)o(x), 0o(y)) 
= l2{l3{w,x,y),<j>l{z)) + l3{l2{w,y),<j>(){x), (f>o{z)) + h{(j)o(w),l2{x,y), (f>o{z)) 
+l2{4'oi'w),l3{x, y, z)) + hihiw, y, z),<j)l{x)) + l3{(po{w),l2{y, z), 0o(x)), 

which exactly means that 

{'ip4,j3){w,x,y,z) = 0. 
The converse part is easy to be checked and this finishes the proof. ■ 

4.2 The construction of skeletal hom-Lie 2-algebras from quadratic hom- 
Lie algebras 

Definition 4.3. 4J A quadratic hom-Lie algebra is hom-Lie algebra (fl, [■, 'Igi '/'g) together with a 
symmetric nondegenerate bilinear form B : g x q — > M, such that for any x,y, z € Q, the following 
equalities are satisfied: 

B{[x,y]s,z) = -B{[x,z]g,y), (12) 
B{<j),ix),y) = B{x,My))- (13) 

Recall that a (quadratic) hom-Lie algebra is said to be involutive if 4>g satisfies 

4>l = Id. (14) 

For a symmetric nondegenerate bilinear form B, there are close relations between conditions 
(0, (HI, and 

B{4>,{x),^g{y))^Bix,y). (15) 
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Lemma 4.4. Let B be a symmetric nondegenerate bilinear form on the hom-Lie algebra (g, [•, -Jg, 
Consider the three conditions <\1'6\ . p4p and \ib\ . any two of them can imply the third one. 

Proof. If B satisfies ([T^ and (fTi|) . we have 



If B satisfies ([T^ and (fTC)l . on one hand, we have i?((/)g(a;), = B{x,y). On the other 



This finishes the proof. ■ 

Let (g, [•, ■]g, (j>g, B) be an involutive quadratic hom-Lie algebra. Define l^ : A^g — > R by 



By p^ . ^3 is skew-symmetric. 

Lemma 4.5. l^ is a 3-hom cocycle with coefficients in the trivial representation. 
Proof. First, by Lemma we have 

= B{[x,y]g,z) = lf{x,y,z), 

which impHes that I3 is a 3-hom-cochain. Furthermore, by (|12p and the hom-Jacobi identity, we 
have 

2dTli{w,x,y,z) 

= 2( - ;f ([W, a;]g, 0g(j/), 0g(z)) +li{[w,y]g, (/)g(x), 0g(z)) -liiiw, Z]g, 0g(x), 0g(?/)) 

-li {{x,y]s: M^)^ M^)) + ii^' ^]s^ M^)^ (t^siy)) - lii[y^z]s^M^)^'t^si^))) 
= -Bi[[w, a;]g, 0g(y)]B, 0g(z)) + B{[[w, y]^, (jjBix)]^, (j)g{z)) - B{[[w, z]^, (j)g{x)]^, (j)g{y)) 

~B{[[X, 2/]g, «i>gM]g, 0g(z)) + B{[[X, Z]g, 0gH]g, ^g(2/)) " B {[[y , z] g , ^ig ( W ) ] g , (/)g (x) ) 

+B{[[w, a;]g, ^g(z)]g, (j)g{y)) - B{[[w, y]g, (^g(z)]g, 0g(a:)) + B{[[w, Z]g, (/)g(y)]g, (/)g(x)) 
+^([[2;, 2/]g, ^g(z)]g, (psM) - B{[[x, 2]g, '^g(2/)]g, ^g(w)) + B{[[y, z]g, (/)g(a;)]g, (psiw)) 
= 0. 

Thus, is a 3-hom-cocycle. ■ 

Now we are ready to construct an example of skeletal hom-Lie 2-algebras V = {Vi 
Vo, ^2, ^3, </'0j 0i) from an involutive quadratic hom-Lie algebra (g, [•, -Jg, (^g, B) as follows. Let 
Vi = M, Vb = 0, 00 = 4>o and 0i = Id. Define I2 by 



B(0g(x),0g(y)) = B{x,(j>l{y)) = B{x,y). 




B{x,My)). 



h {x,y,z) = B{[x,y]Q,z). 



(16) 



h{x,y) = [x,y] 



hix, to) = 0, 



(17) 
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and define I3 by psp . By Lemma H31 it is straigiitforward to see tiiat all the conditions in Definition 
13. 51 are satisfied. Therefore (M g, hjf , ^g, Id) is a skeletal hom-Lie 2-algebra for any involutive 
quadratic hom-Lie algebra (g, [•, -Jg, (/ig, B). 

In the following, we construct the hom-analogue of string Lie 2-algebras. We need some prepa- 
rations. For any involutive hom-Lie algebra (g, [•, ■]g, 0g), (g^^, , [■, -J^^ ) is a Lie algebra 3, Theorem 
5.1], where [•, ■]^^ is given by 

Theorem 4.6. There is an inclusion from H''{g) to H^{q^^), where i?'^(g) is the k-th cohomology 
group of the hom-Lie algebra (g, [•, 'Ig, ^g) with the coefficients in the trivial representation, and 
H^{q^^) is the k-th cohomology group of the Lie algebra (g^^ , [•, 'J^g ) with the coefficients in the 
trivial representation. 

Proof. We only need to show that for any f £ (g), as a fc-cochain of g^^ , / is also closed, and 
for any / G B^^ (g), as a fc-cochain of g^^^ , / is also exact. In fact, for any / G Zj^^ (g), we have 

f{(l^si^i), ■■■ , (t^ai^k)) = f{xi, ■■■ , Xk), 

drfixi,--- ,Xk+i) = ^{-iy+^f{[xi,Xj]g,(l)g{xi),--- ,fi,-- - ,Xj,--- ,(f>g{xk+i)) = 0. 



Since (j)^ = Id, we have 



= ^(-l)'+V([0B(a;i),0g(a;j)]g,0g(a;i),-- - , f^, • ■ • , f,-, • • ■ ,0g(a;fc+i)) 

i<j 

= ^{-'^y^^f{(pBi'l>si^i)^(t>s{Xj)]s,(l)Bi^i)r-- ,Xi,- ■ ■ ,Xj,- ■ ■ ,(j)g{xk+l)) 
i<j 

= ^{-'^y^^f{[<l>s{Xt),(l)s{x3)]s,Xl,--- ,X^,- ■ ■ ,Xj,- ■ ■ ,Xk-\-l) 



~ ^ ^ ( 1) f {\XiTXj\^^^Xi, ■ ■ ■ ,Xi,''' ,Xk~\-l) 
i<j 

= ^B^Ji^ir-- ,Xk+l), 

where dg_^^ is the coboundary operator of the Lie algebra g^^ with the coefficients in the trivial 
representation. Therefore, as a /c-cochain of g^^ , / is also closed. 

For any / G (g), assume that / — drh, for some h : A'^^^g — > M satisfying h o <j)g — h. 
Similar as the above proof, we have 

f{xi, ■■■ ,Xk) = dTh{xi, ■■■ ,Xk) = dg^^h{xi, ■ ■ ■ ,Xk), 

which implies that, as a /c-cochain of g^^,, / is also exact. This finishes the proof. ■ 

Now let the involutive hom-Lie algebra (g, [■, -Jg, 0g) be semisimpleU, then the Lie algebra 
(fl^a J 'l^B ) is ^-iso semisimple Furthermore, the authors define a symmetric bilinear form 
B : g X g ^ R by 

-B(j:, J/) = tr(ada; o ady), (18) 



For the notion of semisimple hom-Lie algebras, we refer to A. and references therein 
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where ad^: is defined as usual: adxH = [^iy]gj ^ind (g, (fig, B) is a semisimple quadratic invo- 
lutive horn-Lie algebra. There is also the following relation 



where Kg^^ is the Killing form of the semisimple Lie algebra g^^ . 

Corollary 4.7. Let (g, [-j-lgj^g) be a semisimple involutive hom-Lie algebra, then the cohomology 
class of l^ defined by (jl6p is not trivial, where B is given by (llSp . 

Proof. Since 0^ — Id, we have 

K{[x,y]^^,z) = B{(t>g[x,y]^^,z) = B{[<t)l{x),(t)l{y)]g, z) = B{[x,y]g,z) = lf{x,y,z). 

Thus, if defined by (fTO]) . as a 3-cochain of the Lie algebra g^^ , is exactly the Cartan 3-form of 

jremlTHl if l§ 
Qif,^ is exact, this is a confiict. 



By Theorem 14.61 if if is exact, we deduce that the Cartan 3-form of the semisimple Lie algebra 



Definition 4.8. The hom-analogue of the string Lie 2-algebra associated to any semisimple invo- 
lutive hom-Lie algebra (g, [■, -Ig, 0g) is the hom-Lie 2-algebra (R Q,l2,lf ,4>g,lA), where I2, if 
and B are given by (jl7p . (jl6p and (jlSp respectively. 

Example 4.9. Consider the semisimple Lie algebra sl{2), with basis A — o)'^^(l o)' 

and ^ ~ ^2 ) ■"^^'V^/^'^S relation 



[A, B] = C, [C, A] = 2A, [B, C] = 2B. 

For any x G sl{2), let (p{x) — —x'^, the minus of the transpose of x. Obviously, (j) is an involution 
map. Then (s[(2), [•, -J^, (jj) is a semisimple involutive hom-Lie algebra. More precisely, we have 

= [C\A]4, = -2B, [B,CU = -2A. (19) 

Lt is easy to obtain that 

If {A, B, C) = B{[A, B]^,C) = -ty{&dl) = 8. (20) 

Therefore, we obtain a hom-analogue of the string Lie 2-algebra (K — "h* s{{2),l2,lf ,4>,ld), where 
I2 and if are determined by (fTO)) and ([^0]) . 



5 Strict hom-Lie 2-algebras 

In this section, we introduce the notion of crossed modules of hom-Lie algebras, and we prove that 
there is a one-to-one correspondence between crossed modules of hom-Lie algebras and strict hom- 
Lie 2-algebras. Here what we mean a strict hom-Lie 2-algebra is a 2-term _ff Loo-algebra whose I3 is 
zero. Then we construct strict hom-Lie 2-algebras from hom-left-symmetric algebras. At last, we 
introduce the notion of symplectic hom-Lie algebras, and give the construction of strict hom-Lie 
2-algebras from symplectic hom-Lie algebras. 



15 



5.1 Strict horn-Lie 2-algebras and crossed modules of horn-Lie algebras 

Definition 5.1. A crossed module o J ham- Lie algebras is a quadruple (((), [•, •](,, ^f,), (g, [•, -Jg, dt, ip), 
where (f), [•, •][,,</)(,) and (g, [■, -Jgji^g) are horn-Lie algebras, dt : t) — > g is a horn-Lie algebra mor- 
phism and ip is a representation of the horn-Lie algebra g on (), such that 

dt{ipx{m)) = [x,dt{m)]g, (21) 
<Pdt(m)(™') = [m,m']t,. (22) 

Lemma 5.2. Let ((t), </>[,), (g, 0g), dt, (/?) be a crossed module of hom-Lie algebras, then we have 

f<}>„{x){[m,n]t,) = [(fi^m, (f>t,{n)]t, + (m), </5x "-](,■ (23) 

Proof. By the fact that is a representation, we have 

^[x,y]^ o 0[i = V4>A^) °^y- ^4><,{y) ° ^'■<^- 
Let y = dt{m), by and (gl]), we obtain 

which imphes that 

[ip^m,(f)t,{n)]t, = (p0^(^)[TO,n][, - [</>[, (m), ■ 

Remark 5.3. // = Id and ipt, = Id, i.e. {i),Q,dt,Lp) is a crossed module of Lie algebras, we 
deduce that ip must act as a derivation by the above proof. 

Theorem 5.4. There is a one-to-one correspondence between strict hom-Lie 2-algebras and crossed 
modules of hom-Lie algebras. 

Proof. Let (^i Vb,^2,^3 — 0, 0o,?!'i) be a strict hom-Lie 2-algebra, we construct a crossed 
module of hom-Lie algebra as foUows. Let q — Vq with the bracket operation [• , -Ig = ^2 : Vb x Vq — > 
Vq, and hncar transformation 0g — (t>Q. Let f) = Vi with the bracket operation [•,•](, -.VixVi — > Vi 
given by 

[m,n]f, = l2{dm,n), 

and hnear transformation — (pi. Furthermore, let dt = d. 

By (a), (f) and (h), it is obvious that (g, [•, (f>o) is a hom-Lie algebra. By (b) and (e), the 
bracket operation [•,•][, is well defined. By (g), we have 

(/)i([m, n][,) = (I>i{l2idm,n)) = /2(0o(dm), (/)i(n)) = Z2(d o (/)i(m), (/)i(n)) = [(/)i(m), 0i(n)][,, 

which implies that 0i is an algebra morphism with respect to [•,•](,. By (i), we have 

[01 (to), [n,p],,]f, + [(l)i{n), [p, to],,],, [(j>i{p), [TO,n]„]„ 
= ;2(d o 0i(to), ;2(dn,p)) + /2(d o (j)i{n),l2i<ip,m)) -f ;2(d o 0i(p), Z2(dTO,n)) 
= ^2(</'o(dTO),Z2(dn,p)) -I- Z2(0o(dn),Z2(dp, to)) -|- l2{(l>o{dp),l2{dm,n)) 
= ^2(0o(dTO),Z2(dn,p)) -I- l2{(f>o{dn),l2{p,dm)) -\- Z2(0i(p), ^2(dTO, dn)) 
= 0. 
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Thus, ([), [•, -Jf, , is a horn-Lie algebra. By (d), it is obvious that dt is a morphism of horn-Lie 
algebras. At last, define ip : g x t) — > t) by 

^xiri = l2{x,m). 

By (g), we have (/j^^ (^) (/>|, (to) = (t>t,^xm. By (i), we have 

V[x,y],(t>\){m) - V-p^ix) ° Vym + V^,{y) ° Vxm 
= ^2(^2(2;, y), 01 (m)) - l2{(l>o{x),l2{y,m)) + l2{(j)o{y),h{x,m)) = 0. 

Thus, (y5 is a representation. By (d), we see that the equality (|2ip holds. By the definition of <p 
and it is obvious that the equality ([^ holds. Therefore, ((f), [•, -Ji,, <?!)(,), (g, [•, -Jg, </)g), dt, (/?) 

is a crossed module of horn-Lie algebras. 

Conversely, given a crossed module of hom-Lie algebras ((f), [■,■][,, (g, [•, -Jg, (/)g), dt, ip), we 
obtain a strict hom-Lie 2-algebra as follows. Let Vb = g, (po = 4>g, Vi = i), (^1 = 0(, and d = dt. 
Define I2 : Vi x Vj — > Vi+j by 

h{x, y) = [x, ^2(2;, "^) = -him, x) = Lp^m, him, n) = 0. 

The crossed module structure gives various conditions of strict hom-Lie 2-algebras. We omit the 
details. ■ 

First we have the following trivial example of strict Lie 2-algebras. 

Example 5.5. For any hom-Lie algebra (g, [■, -Jg, 0g), (g — ^ g, h ~ [', 'Ig, </'o = '/'g i f/*! = </'g) ^•s (J 
strict hom-Lie 2-algebra. 

5.2 The construction of strict hom-Lie 2-algebras from hom-left-symmetric 
algebras 

Hom-left-symmetric algebras, or hom-pre-Lie algebras were first introduced in [S], and then further 
studied in [TO] and [T7]. 

Definition 5.6. A hom-left-symmetric algebra is a triple (¥,*,(/)), where V is a vector space, 
-k : V X V — > V is a bilinear map, and cj) G gt(V) such that the following equalities are satisfied: 

Hx^y) = <Pix)^<Piy), (24) 
(l)ix) -k iy -k z) ~ ix * y) -k (piz) — (jyiy) -k ix -k z) ~ iy -k x) -k (j){z) . (25) 

Let [V,*, (p) be a hom-left-symmetric algebra, define [•, ■]v :VAV — > V by 

[x,y]v = xky - ykx, (26) 

and define : V — > gt(V) by 

P<)>ix)iy) = xk:y. (27) 

Proposition 5.7. With the above notations, {V, [■, -Jv,*^) is a hom-Lie algebra, which is called the 
sub-adjacent hom-Lie algebra of the hom-left-symmetric algebra {y,k, (p), and p^ is a representation 
of the hom-Lie algebra V on the vector space V with respect to (j). Moreover, if 0^ = Id, i.e. 
(V, [•, ■]vi(t') is an involutive hom-Lie algebra, then the map p*^ : V — > qI{V*) defined by 

{p;i^m),y)^-{tpA^)iy)), 

is also a representation of (V, [•, ■]v, 0) on the vector space V* with respect to <j)* . 



17 



Proof. The first part follows from straightforward computations. As for the second part, first 
we should note that, in general, for a representation pA of the hom-Lie algebra (g, [•,-]B,</'g) on 
the vector space U with respect to A G qI{U), the induced map ■ — > qI{U*), {p\{x)S„u) = 
Pa{x){u)) , for any ^ £ U* and u G J7, is a representation iff {[i, Proposition 2.5]) 

AopA{[x,y]^) = pa{x) o pA{(l)s{y)) ~ pA{y) o pa{(I)q{x)). 

Consider the sub-adjacent hom-Lie algebra (V, [•, -Jy, 0), if </>^ = Id, the above condition reduces to 

- = a;*((/)(y)*z) -y*(0(x)*z) 

= (l>'^{x)-k{4>{y)^z)-(t)'^{y)-k{(t>{x)-kz), 

which holds naturally by (|25p . This finishes the proof. ■ 

The following procedure provides a way to construct examples of strict hom-Lie 2-algebras from 
hom-left-symmetric algebras. 

Proposition 5.8. Let (V,*, ^) be a hom-left-symmetric algebra, for any linear map d : V — )■ V 
satisfying 

do(/) = (/)od, (28) 
dx-ky = x-kdy, (29) 
d(x -k y) — x-kdy — dy-kx, (30) 

define I2 on the 2-term complex of vector spaces Vi^V ^Vq^V by 

h{x,y) ^ [x,y]v, 'i x,y <£Va 

h{x,y) = -l2{y,x) = x-ky, yxeVo,yeVi (31) 
h{x,y) = 0, V e Vi. 

Then (Vi = V — ^ Vq = V,12,4>q = (j), 4>i = 4>) is a strict hom-Lie 2-algebra. 

Proof. By the definition of I2, conditions (a), (b) and (c) in Definition 13.51 are satisfied obviously. 
By Proposition 15.71 conditions (f), (g), (h) and (i) are also satisfied. At last, (j29p and ([50)1 imply 
that conditions (d) and (e) hold. ■ 

5.3 The construction of strict hom-Lie 2-algebras from symplectic hom- 
Lie algebras 

Definition 5.9. Let (g, [■, -Jg, 0g) be a regular hom-Lie algebra, lo £ A^g* is called a symplectic 
structure on g if 

• uj is nondegenerate, i.e. the induced skewsymmetric map a;" : g — > g* , {uj^{x),y) — uj{x,y), 
is nondegenerate; 

• UJ is a 2-hom-cocycle, i.e. we have lo o cjjg ~ uj, and dxi-o = 0: 

^{<pBi^)^ [y^z]g) +uj{(f>g{y), [z,x]g) +uj{<j)g{z), [x,y]g) = 0. (32) 

(g,a;) is called a symplectic hom-Lie algebra if uj is a symplectic structure on g. 
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Define a biHnear map ★ : g x g — > g on the regular symplectic horn-Lie algebra (g, uj) by 

cj{x ★ y, 0b(z)) = -w(0g(y), [x, z]g). (33) 
By the fact u> is closed, we have 

uj{x-ky - y-kx, ^^(z)) = -^(^^(y), [a;, z]g) + w((?!>g(x), [y, z]b) = lj{[x, y]g, 0g(z)), 
which implies that 

[x,y]g= x-ky -y-kx, (34) 

since 0g is nondegenerate. 

Proposition 5.10. Let ((g, [•, -Jg, (/)g), w) be a regular symplectic horn-Lie algebra, then (g,*, (/)g) 
is a hom-left- symmetric algebra. Furthermore, the horn-Lie algebra g is its sub-adjacent horn-Lie 
algebra. 

Proof. By ([55|) . we have 

uj{(t)^{x)k(t>^{y),(l)l{z)) = -uj{(j)l{y),[(t>^{x),(j)g{z)]^) = -a;(0g(?/), [x, z]g) 

= w(a;*y,(?!)g(z)) = a;((/)g(x*?;),(/)g(z)). 

Since both uj and (/)g are nondegenerate, we deduce that (f>g{x-ky) = (pg{x) *0g(?;). We have 

a;(0g(x) k{ykz)- (a;*y) *0g(z) - 0g(y) -k (x -k z) + {y k: x) k: (j)g(z), (l)l(w)) 
= [0flW,0BH]s) + a;((/'g(z), [xky,(t)g{w)]g) 

+uj{(t)^ixkz),[(t)^{y),(j)g{w)]g)-u}{(t>l{z),[y-kx,(j)g{w)]g) 

= ^i^l^liz), IMV)^ [2::W]g]g) +W(02(Z), [[j;,?;]g,0g(w)]g) - W(0^(Z), [(t)^{x), [2;,w]fl]B) 

= 0, 
which implies that 

(f)g{x) k{ykz)- {x k y) -k (f>g{z) - (l)g{y) -k {x -k z) + {y -k x) k cji^iz) = 0. 

Thus, {g,k,(j>g) is a hom-left-symmetric algebra. By (|34l) . the second conclusion is obvious. ■ 

The following theorem provides a procedure to construct strict horn-Lie 2-algebras from invo- 
lutive symplectic hom-Lie algebras. 

Theorem 5.11. Let ((g, [•, -Jg, (/)g), w) be a involutive symplectic hom-Lie algebra, and (g,*, (/'g) be 
the induced hom-left-symmetric algebra as in Proposition \5.1Ul On the complex of vector spaces 

g — > g, define h by 

h{x,y) = [x,?/]g, Va;,?;Gg 

l2{x,0 = -h{^,x)^ p%^{x% Va:eg, ^eg* (35) 

Ui.v) - 0, Ve,ryeg*, 

where p*^^ is the dual representation of p^^ given by (|27p . then (g* - — } g, ^2, 0o = 0b; 0i — 0g) 
?s a strict hom-Lie 2-algebra. 



19 



Proof. Similar as the proof of Proposition 15.81 we only need to show that 

cb,o{J)-'ocf,; = cblo{J)-\ (36) 
cj,,o{J)~H2{x,0 = l2ix,q^,o{J)-^{^)), (37) 
Z2 (00 o(c.«) -1(0,7,) = l2iC,cj,,o{J)-\rj)). (38) 

The equality is equivalent to 

Let ^ = uj'^{x) and r; = ijj^{y), since is skew-symmetric, we have 

(</>go(J)-i^,,?) = {<P,ix),Jiy))^Lu{y,<t>si^)). 

Since wo^g — uj and 0^ — Id, by Lemma I4.4L we deduce that uj{y, <pg{x)) — U!{(j)g{y), x). Therefore, 
([M]) holds. 

The equality ([57)) is equivalent to 

((l.«)-i o0;/2(a:,C),r?) = (/2(x,(A0 o (c.«)-i(0), ,7). 

Let ^ = '^'(y) and r/ = ^'(z), we have 

((J)-V;^2(x,e),r?) = -(0>;^(a;)(J(y)),z) = (o.«(y), (a;)(0g(z))) = c.(y, x * 0g(z)), 
(/2(a;,0go(^«)-i(e)),77) = ([x,0g(y)]g,^»(z))=^(z,[a;,(/),(y)]g). 

Since 0^ = Id, we have 

w(y,a;*0g(z)) = -w(0g(a;) ★ ^^(z), 0^(?/)) ^ uj{<j)l{z),[(l}l{x), (l}g{y)]g) = u}{z,[x, (t)g{y)]g), 

which implies that ([57]) holds. 

At last, let ^ = (^"(a;) and 77 = co^{y), the equality (|38p is equivalent to 

{l2{(j)s{x),J{y)),z) = (hi^ix), (t)^{y)),z). 

We have 

(;2(0B(a;),w*'(y)),z) = -{J{y),<j)g{x) -k z) = w((/)g(x) ★ z, y) = -w(0g(z), [(/)g(x), ^^(y)]^), 
(Z2(w''(a:),<^B(2/)),z) = {uj'^{x),(j)g{y)-kz) = w(x, ^3(2/) ★ z) = w((/)g(2;), [0g(?/), 00(a;)]0). 

Thus, ([55]) holds. The proof is completed. ■ 
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